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The work is built on a previous research by Wiryana and Berg, in which wicking into four wet-formed paper stripes,
consisting of cellulose fibers and four different percentages of the powdered carboxymethyl cellulose (CMC)
superabsorbent, was studied experimentally. Because of the swelling of cellulose fibers and CMC powder on contact
with water, the wicking was accompanied by a swelling of the matrix. A finite element/control volume (FE/CV)-based
computer program is used for the first time to model the wicking in such swelling porous medium. The simulation used a
novel form of continuity equation, which included the effects of liquid absorption and matrix swelling, in conjunction with
the Darcy’s law to model the single-phase flow behind a clearly defined liquid-front. A new method of estimating the time-
varying permeability of the paper, based on the absorbed liquid-mass vs. time plots, is also proposed. Later, this time-
dependent permeability is used in the numerical simulation to change the permeability in elements behind the moving
liquid-front as a function of the time that the element has been wetted by the liquid, since the passage of the liquid-front. The
numerical prediction of the wicking-front location as a function of time compares well with the reported experimental data.
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Introduction

In a previous article by Masoodi and Pillai,1 a method to
improve the predictions of liquid absorption in paper-like
swelling porous media was presented, in which the flow
behind a clear flow-front was assumed to be fully saturated,
and where the Darcy’s law and continuity equation for the
single-phase flow behind the front were used as the govern-
ing equations. The continuity equation was modified to
include the effects of swelling and liquid absorption in the
form of two right-hand-side terms for the rate of porosity
change and a sink effect.1,2 The global values for the perme-
ability throughout the wet porous medium were considered
after neglecting its local variations.1 Ignoring of the spatial
dependence of the permeability and porosity simplified the
governing equations, and turned them into an ordinary dif-
ferential equation that could be solved analytically. How-
ever, this assumption, though it simplifies the governing
equations, reduces the accuracy of the model.1,2

Another approach to model wicking is the Lucas–
Washburn equation, which can be applied to one-dimen-
sional (1-D) flows in simple geometries.3,4 The swelling

effect leads to an error, if the conventional Lucas–Washburn
equation is used to predict the wicking rate in swelling porous
media.5 Therefore, Schuchardt and Berg6 modified the Lucas–
Washburn equation for application in some paper-like swelling
materials, where the pore radii in the deforming porous me-
dium decrease linearly with time as a result of the swelling.
However, as observed in the experimental study published by
Wiryana and Berg,7 this assumption is not always accurate.

In general, the Darcy’s law based approach is a better

approach compared with the Lucas–Washburn based models,

as the former can be extended to the 2-D and 3-D wicking

flows.8,9 However, in the case of complex wick-geometries,

the analytical solution of the Darcy’s law based governing

equations may not be possible.10 However, the advantage of

the Darcy’s law based approach is the possibility of using

numerical simulations for predicting wicking in complex

geometries.9 Among the different numerical methods, the fi-

nite element method (FEM) has been extensively used for

modeling flows in porous media.11–14 Also available are sev-

eral commercial software that can conduct fluid-flow simula-

tions in porous media using FEM, such as PORFLOW,

COMSOL, and ANSYS; these software can easily model the

saturated, single-phase, flows in simple rigid porous substan-

ces, but none of them can incorporate the medium swelling

effects in the flow modeling. Therefore, they cannot model

flows in nonrigid, swelling porous media, such as those

made of superabsorbent polymer, and cellulose fibers, such

as paper towels, wipes, and paper napkins.
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In this article, we are going to model a 2-D capillary-suc-
tion driven liquid flow in a porous network of cellulose
fibers and powdered superabsorbents. PORE-FLOW

VC
, a

computer program developed in the Laboratory for Flow and
Transport Studies in Porous Media at the University of Wis-
consin-Milwaukee,15 is used to solve the governing equa-
tions and conduct the flow simulation. PORE-FLOW

VC
is a

comprehensive computational fluid dynamics tool, focused
primarily on solving the flow infiltration/wetting of porous
media type problems. The finite element/control volume (FE/
CV) method is implemented in the code to simulate single-
phase flows behind a clearly observable moving-boundary.16

The algorithm is efficient and robust for solving the moving-
boundary problems in complex domain geometries.

The accuracy of estimated permeability is critical in calcu-
lating the flow and transport in porous media.17 In this arti-
cle, we describe a method to estimate the local permeability
of a swelling matrix as a function of the wetting time, such
that such a permeability function is later used to assign per-
meability to each element in our FE/CV simulation behind
the moving liquid-front. The comparison of the numerical
predictions and experimental data demonstrate the accuracy
of our numerical simulation. The flow simulation is then
used to predict the absorption rate in the swelling porous
medium. We also suggest some ways of improving the per-
meability estimation to increase the accuracy of the numeri-
cal simulation.

Experimental Study

This research is based on an experimental study conducted
at the University of Washington, where Wiryana and Berg7

studied experimentally the wicking of water into paper strips
consisting of cellulose fibers and different percentages of
powdered carboxymethyl cellulose (CMC) superabsorbent.
They used four different weight percentages of CMC (0, 10,
20, and 30%) in the paper stripes used in the wicking tests.
To observe the swelling effect, they studied wicking with
two different liquids: n-octane, as the reference nonswelling
liquid, and water, as the swelling liquid.* The experiments

showed no swelling in the matrix material while wicking
n-octane, whereas there was considerable swelling while
wicking water. They also observed that the swelling rate
increased with the percentage of CMC. Figure 1 shows their
wicking test results with n-octane—the linearity of the
curves proves that there is no swelling with n-octane. Figure
2 shows the same tests with water—here, the nonlinear
wicking curves indicate the swelling of the porous matrix;
this nonlinearity increases with the percentage of CMC.†

Theory of Wicking

We assume that there is a clear liquid-front during wick-
ing in the test material.‡ (Clear liquid-front assumption is a
good one in the case of wicking/imbibition of liquids in thin,
paper-like materials. We can see such a phenomenon during
the wetting of paper napkins, when a clear liquid-front is
seen moving in the napkin when one end of the napkin is
put in touch with a wetting liquid.) Hence, we apply the
Darcy’s law based model to predict the single-phase flow
behind the liquid-front.9 The Darcy’s law, for the flow of a
single liquid in an isotropic porous medium under isothermal
conditions, is given as

h~Vi ¼ �K

l
~rhPif (1)

where h~Vi and hPif are the volume-averaged liquid velocity,
and the pore-averaged modified pressure, respectively. K is the
permeability of the porous medium and l is the liquid
viscosity.2,18 The modified pressure P relates to the gravity-
induced liquid pressure and the pore-averaged hydrodynamic
pressure p in the porous medium through the expression

P ¼ pþ qgh (2)

Note that, in general, the permeability is a function of
both time and space in swelling materials. The other

Figure 1. Wicking distance vs. square root of time for
n-Octane. (*) 0% CMC; (h); 10% CMC; (^)
20% CMC; (~) 30% CMC7.

Note that, h(t) corresponds to Llf of our nomenclature.

(This figure is replicated here with the kind permission

of Wood and Fiber Science.)

Figure 2. Wicking distance vs. square root of time for
water. (*) 0% CMC; (h); 10% CMC; (^) 20%
CMC; (~) 30% CMC7.

Here, h(t) corresponds to Llf of our nomenclature. (This

figure is replicated here with the kind permission of

Wood and Fiber Science.)

*The term swelling liquid means that the liquid induces swelling in the consid-
ered porous material.

†Increasing the CMC percentage means increasing the percentage of the super-
absorbent material, which swells rapidly when put in contact with water-based
liquids.

‡Clear liquid-front means that there is a clear and sharp boundary between the
wet matrix with 100% saturation, and the dry matrix with 0% saturation.
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governing equation for the flow of an incompressible liquid
in a porous medium is the macroscopic continuity or mass-
balance equation. It was shown previously,1,2 that the modi-
fied continuity equation for swelling porous media is

~r � h~Vi ¼ �S� @e
@t

(3)

where S is the sink term, which is the rate of liquid absorption
by solid phase in the porous medium, and e is the porosity. It
was postulated2 that the sink term is directly proportional to
the rate of change of the porosity, and hence the above
equation simplifies to

~r � h~Vi ¼ ðb� 1Þ @e
@t

(4)

It was shown that b, the constant of proportionality or
the absorption coefficient, being very close to one satisfies
the experimental results the best,1,2 so we assume, b ¼ 1
here. (This implies that the volumetric rate of liquid absorp-
tion is equal to the volumetric rate of solid-phase expan-
sion.). As a result, the continuity equation, Eq. 4, simplifies
to

~r � h~Vi ¼ 0 (5)

If the liquid viscosity is considered to be a constant, then
a combination of Eq. 1 with Eq. 5 leads to the following
equation for the modified pressure

~r � ðK ~rhPif Þ ¼ 0 (6)

Based on Figure 3a, and considering Eq. 2 for the modi-
fied pressure, the pressure boundary-conditions for the above
given pressure equation can be expressed as

hPif ðx ¼ 0Þ ¼ patm (7a)

hPif ðx ¼ LlfÞ ¼ patm � pc þ qgLlf (7b)

Note that, the relation between the front speed and the
volume-averaged liquid velocity at the liquid-front18 is given
as

~Vlf ¼ h~Vi
e

� n̂ (8)

On solving Eq. 6, the pressure field is determined, and
then the application of Eq. 1 along with Eq. 8 gives the liq-
uid-front velocity. After knowing the liquid-front velocity,
one can easily find the liquid-front location. As permeability
is a function of both time and space in swelling porous
materials, so finding an analytical solution for Eq. 6 is very
difficult, and hence a numerical solution will be sought.

Numerical Simulation

We used PORE-FLOW
VC

for numerically modeling the
capillary-suction driven liquid flow in swelling porous media
behind a clear liquid-front. In the algorithm used by PORE-
FLOW

VC
, the transient fluid-flow in porous medium involving

a moving-boundary (i.e., a flow front) is divided into multi-
ple time steps. After assuming a quasi-steady condition dur-
ing each time step, Eq. 6 is first solved for the modified
pressure using the hybrid FE/CV algorithm in the wet region
saturated by the moving liquid-front. Then, the pressure field
computed at FE nodes using the Galerkin weighted residual
method in conjunction with the boundary conditions of Eqs.
7a and 7b§ is used to estimate the velocity field through Eq.
1 at the surfaces of CVs described around FE nodes; later,
the velocity field is used to find the new location of the liq-
uid-front at each time-step.

Note that, as the flow is essentially 1-D in our problem, a
2-D flow simulation is enough to capture the fluid flow in
the considered 2-D flat plate geometry of the paper strips
(see Figure 3b). The only difficulty here is the dependence
of permeability in the wetted region behind the flow-front on
time and space due to swelling of the porous matrix. Hence,
the permeability of each element in the FE mesh used for
the simulation is needed. Note that, the permeability of an
element is a function of the local porosity, which in turn
depends solely on the time that has elapsed since the wetting
of the local solid phase. Therefore, the permeability is a
function of time

{
in each element. We need to find this

generic permeability function for the FEs.
Permeability of an element, before it gets ‘‘wet’’ and its

matrix starts swelling, is defined as the initial permeability,
K0. Once the element has been passed by the liquid-front,
and its matrix has been wetted, the matrix starts swelling
and the porosity (defined as the ratio of the pore volume to
the total volume) begins reducing, and consequently the per-
meability starts reducing with time. If twet is the time when
an element gets wet by the moving liquid-front or the corre-
sponding fill factor becomes unity,** then the following gen-
eral formula holds for the permeability of each element

Ki ¼ K0 t\ twet
fnðt� twetÞ t � twet

�
(9)

Figure 3. A schematic of the wicking setup and the
fixed 2-D FE mesh used in the present nu-
merical simulation.

(a) Wicking setup and boundary conditions and (b) 2-D

mesh. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

§Further details on the PORE-FLOW
VC
algorithms are given in Refs. 9 and 16.

{The time here refers to the time, the element has been wetted since the passage
of the liquid-front through it.

**When the control volume defined around a finite element node is dry or
empty, the fill factor is ‘‘0’’; when it is wet or filled, the fill factor is ‘‘1’’. (The fill
factor is defined as the ratio of the local pore volume filled with the advancing
liquid.9)
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where fn is any experimentally determined function. The
accuracy of the numerical predictions is highly dependent on
the accuracy of the estimated Ki. In the following section, we
will explain an approach to estimate this parameter from the
experimental results published by Wiryana and Berg.7

Estimating the wicking parameters

To solve the pressure equation, Eq. 6, we need the perme-
ability of the porous medium and the capillary (suction) pres-
sure at the liquid-front. The capillary pressure, pc, is obtained
through the well-known Young–Laplace equation19 as

pc ¼ 2c cosðhÞ
Rc

(10)

where Rc is the capillary radius, c is the surface tension, and h
is the contact angle.19 (The properties of the liquids used in the
experiment are given in Table 1.) To estimate the capillary
radius, we used the Lucas–Washburn equation3,4 which gives
the liquid-front location as the function of time for wicking of
a ‘‘nonswelling’’ liquid, such as n-octane in a 1-D porous
medium as

Llf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cRc cosðhÞ

2l

s ffiffi
t

p
(11)

Therefore, if we measure the slope of the fitted lines h(t)

vs. t1/2 in Figure 1, it should be equal to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cRccosðhÞ

2l

q
. As every

parameter except Rc in this expression is known, therefore,
one can calculate the capillary radius Rc.

†† The obtained
results are presented in Table 2.

To estimate the permeability, we can use the same
approach after using the Darcy’s law based formulation for
wicking. On assuming the paper stripes to be porous media,
we can write the following expression1 for the wicking tests
shown in Figure 1.

Llf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4K0c cosðhÞ

e0lRc

s ffiffi
t

p
(12)

Once again, we can use the measured slopes of the fitted

lines in Figure 1 to find the values of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4KccosðhÞ
e0lRc

q
. Here e0, the

initial porosity is 0.59 for all materials. All other parameters
in the expression are known, except the permeability K. As
the test liquid in Figure 1 was n-octane, so the measured
permeability should be equal to the initial permeability, K0,
as there were no swelling effects in the wicking tests with n-
octane, and hence the porosity and consequently the perme-
ability remain unchanged. The measured initial permeabil-
ities are listed in Table 2.

Estimating changes in the local permeability

To make theoretical (analytic or numeric) predictions for
the experimental wicking data showed in Figure 2, we
should include the effects of matrix swelling by including a
model for local change in the permeability with time in the
theoretical models. The permeability and porosity of the pa-
per-based porous medium reduces after wetting because the
swelling of the solid (fiber) phase causes a decrease in the
pore size, that is, an increase in fiber diameters causes a
decrease in the surrounding pore space. If we use the method
proposed by Masoodi and Pillai,1 and use a global value for
permeability,‡‡ then the following equation can be used to
predict the liquid-front location.

Llf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pc
e0l

Z t

0

Kglobðt0Þdt0
s

(13)

If we use the time average of the global value of perme-
ability within the integral and raise both the sides of the
equation to a power of 2, then Eq. 13 simplifies to

L2
lf
¼ 2pcKglob; ave

e0l
t (14)

The use of Eq. 14 with the liquid-front vs. time experi-
mental data given in Figure 2 yields different values for the
global (average) permeability as a function of time. We used
such linear equations as the best-fitted curves of L2if vs. t to
find the varying global permeability, Kglob,ave, for different
elapsed-times. Later, we used the measured global perme-
abilities, and used a regression technique to find the local
permeabilities for equal liquid-front increments (i.e., the
front locations at DL, 2DL, 3DL, …, nDL at times t1, t2, …,
tn, respectively). Then, these estimated permeabilities were
used to estimate the permeability change in the first incre-
ment DL at different times. Following is a description of the
method that was used.

At t ¼ 0
The permeability is identical to the initial permeability of

the nonswelled medium, that is, Kglobal ¼ K0.
From t ¼ 0 to t ¼ t1:
We can use Eq. 14 to find the permeability of the first in-

crement of length DL (see Figure 4a)

K1 ¼ DL2e0l
2Pct1

(15)

Table 1. The Properties of Test Liquids5

Characteristic Unit Water n-Octane

Viscosity, l Pa s 0.000911 0.000522
Surface Tension, c N/m 0.0723 0.0212
Contact Angle, h Degree 0 0

Wiryana and Berg measured the contact angle to be zero for both liquids.7

Table 2. The Wicking Parameters for Test Specimens
Estimated from Figure 1 Plots

% of CMC in
test specimen

Capillary
radius Rc (m)

Initial permeability
K0 (m

2)

0% 1.5 e �6 1.66 e �13
10% 2.47 e �6 4.51 e �13
20% 2.47 e �6 4.51 e �13
30% 2.47 e �6 4.51 e �13

††There is often a difference between the capillary radius and the hydraulic ra-
dius used in the Lucas–Washburn models for modeling wicking.20

‡‡We propose two values for the permeability: the global permeability, which is
the average permeability of the porous medium from the starting location of liquid
wicking till the liquid-front location, and the local permeability, which is the per-
meability at each spatial location behind the front.
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From t ¼ t1 to t ¼ t2:
Consider the Figure 4b for this time increment; the upper

(second) part of length DL just got wet so its permeability is
still K1 (or Kglob,ave [t1]), but the permeability of the lower (first)
part is unknown. The global permeability that we have estimated
using the experimental data at time t ¼ t2 is Kglob,ave(t2). Now,
we use the method explained in Appendix to calculate the per-
meability of the first part K2 through the relation

DL
K2

þ DL
K1

¼ 2DL
Kglob;aveðt2Þ (16)

Therefore, the permeability of the first part at this time
interval will be

K2 ¼ 1=
2

Kglob;aveðt2Þ �
1

K1

� �
(17)

From t ¼ t2 to t ¼ t3:
With a similar approach, we can find the permeability of

the first part in the third time-interval (see Figure 4c)
through the formula

DL
K3

þ 2DL
Kglob;aveðt2Þ ¼

3DL
Kglob;aveðt3Þ (18)

Therefore, the permeability of the first part at this time
interval will be

K3 ¼ 1=
3

Kglob;aveðt3Þ �
2

Kglob;aveðt2Þ
� �

(19)

From t ¼ tn�1 to t ¼ tn:

Using the same approach as before, we get following
expression for the permeability of the first part in the nth
time interval.

Kn ¼ 1=
n

Kglob;aveðtnÞ �
n� 1

Kglob;aveðtn�1Þ
� �

(20)

The local permeabilities obtained from Eqs. 15 to 20 were
assigned to various times to generate the plot of variation in
the local permeability with time, that is, K0 was assigned to
t ¼ 0, K1 was assigned to t ¼ t1/2, K2 was assigned to t ¼
(t1 þ t1)/2, Kn was assigned to t ¼ (tn�1 þ tn)/2, and so on.
Note that, the accuracy of estimated local permeability is
related to the number of elements (n) in Eq. 20—to get
accurate values for the local permeability, we have to use a
large numbers of elements.

Figure 5 shows the local permeabilities estimated for dif-
ferent test materials. This local permeability change is
assumed to be identical to the time-varying permeability of
each element in the FE mesh after it gets wet by the invad-
ing flow-front. The best-fitting curve for the permeability
variation with time t, as the onset of wetting was found to
be of the form

Kloc ¼ A

tþ B
þ C

� �
� 10�14 (21)

where A, B, and C are the constant coefficients obtained
through curve fitting techniques.§§ The coefficient values for
the three paper-like test materials are presented in Table 3. A
comparison of the permeability estimated from the experi-
mental data of Figure 2 using Eqs. 14–20, and the permeability
predicted using the fitted curve Eq. 19 for the case of 20%
CMC, is shown in Figure 6.

Figure 4. The permeabilities of the first part at times t 5
t1 (Llf 5 DL), t 5 t2 (Llf 5 2DL), and t 5 t3 (Llf 5
3DL) along with the average permeabilities of
the system.

(a) t ¼ t1, (b) t ¼ t2, and (c) t ¼ t3. [Color figure can be

viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 5. Estimated local permeabilities of different
test materials (Eq. 21) as a function of time
elapsed since the onset of wetting.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

§§Note that, it is possible to find physical meanings for A, B, and C. Assume
that the initial permeability before swelling is K0, therefore, using Eq. 21 we have
K0 ¼ Klocð@t ¼ 0Þ. If the ultimate value of permeability after complete swelling is
K1, then K1 ¼ Klocð@t ! 1Þ. Also assume the rate of permeability reduction at
the beginning is k [k ¼ dKloc

dt ð@t ¼ 0Þ, that is, the initial slope of the Kloc vs. t plot
or initial rate of permeability reduction due to swelling.]. If DKloc ¼ K0 � K1 is
the total reduction in permeability due to swelling, then we have the following
expressions for the fitting parameters of Eq. 21, which gives physical meaning to
each of the used parameters

A ¼ DK2
loc

k
; B ¼ DKloc

k
; C ¼ K1
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Results and Discussion

We have used PORE-FLOW
VC 15 to predict the wicking

rate in the swelling, paper-like porous materials. The time-
varying function found for the permeability, Eq. 21, provides
continuous values for the permeability of any wetted element
behind the liquid-front. After estimating the time-dependent
permeability of the elements wetted by the liquid-front and
the capillary suction pressure at the liquid-front, we were
able to use PORE-FLOW

VC
for numerical predictions. Note

that, although the porosity of any swelling porous-medium is
also varying as a result of the swelling and liquid absorption,
but since there is no term involving porosity in the govern-
ing equations,{{ we did not model the changes in the poros-
ity with time. The only porosity term that is needed is the
initial porosity (i.e., the porosity before swelling), which is
used to estimate the capillary suction pressure on the liquid-
front. Note that, we assumed the porosity of the FEs at the
liquid-front to be identical to the initial porosity of the test
specimen, that is, the porosity of the dry medium before the
onset of the swelling.

The numerically predicted contours of the pressure and
liquid-front location, in a paper strip with 30% CMC, are
shown in Figure 7. As the liquid movement is 1-D without
any sink effect in the continuity equation (Eq. 4), therefore,
we expect a linear pressure distribution; this is why we see
constant distances between the contours in Figure 7a. The
driving force is the capillary pressure, whereas the gravity
‘‘pressure’’ is against the liquid-front movement. As the liq-
uid-front rises, the effect of gravity increases, and, therefore,
the distance between the liquid-front contours in Figure 7b
decreases with height.

Figure 8 compares the numerical predictions and experi-
mental data for the test material with 0% CMC. Here,
although the percentage of CMC or superabsorbent polymers
is zero, we do have a slight swelling phenomenon because
of the presence of cellulose fibers. Figure 8 shows that the
numerical predictions are very accurate for this case, where
the swelling rate is the minimum among considered the test
samples.

Figure 9 shows the same comparison for the wicking tests
with 10% CMC. Here, although the accuracy is still reasona-
ble, it is not as good as in the previous figure. Figure 9 indi-
cates that the accuracy of the numerical model is changing,
and it reaches a minimum at t ¼ 100 s; however, it is impor-
tant to add that this maximum error is still less than 10%.

In Figure 10 for the case of 20% CMC, the trend is
slightly different from the previous figures. Here, the accu-
racy decreases till t ¼ 80 s and then starts to increase. From
t ¼ 400 s onwards, the accuracy is very good. Note that, the
presence of 20% superabsorbent fibers results in a higher
swelling rate compared to the previous experiments. As

mentioned in the previous section, we used the curve-fitting
procedures, while estimating the permeability functions for
different materials. We believe that such fitting procedures
caused slight error in wicking predictions as the fitted curves
for estimated permeability may not match all the data points
(see Figure 6).

The numerical predictions for wicking in the paper-like
material with 30% CMC is shown in Figure 11. A rather
good agreement between the experimental data and simula-
tion is achieved. Note that, in this case, the highest percent-
age of superabsorbent material (30% of CMC) is present in
the paper strip, and hence the highest rate of swelling
occurred. Once again, there is still a slight error in the wick-
ing predictions that can probably be attributed to the errors

Figure 6. A comparison of the local permeabilities esti-
mated through Eq. 20 and predicted using
the fitted function Eq. 21 for a paper strip
with 20% CMC.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 7. Typical contours of pressure and liquid-front
progress, as predicted by the simulation in a
paper strip with 30% CMC.

Note that, the pressure here is gage pressure (Pgage ¼
Pabsolute � Patmosphere). (a) Pressure contours and (b) liq-

uid-front contours. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

Table 3. The Coefficients for Eq. 21 Obtained by Curve
Fitting

% of CMC in test specimen A B C

0% 45.8 4.7 6.8
10% 197.8 5.0 5.5
20% 147.0 3.6 3.7
30% 60.9 1.4 2.3

{{As we assumed b ¼ 1 in Eq. 4, so the porosity term was deleted from the
right hand side of the continuity equation, Eq. 5.
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arising from the curve fitting processes. However, the small
error in the numerical prediction is insignificant and the pro-
posed method should be considered as an excellent approach
to make theoretical/numerical predictions.

The comparisons presented in Figures 8–11 establish the
accuracy of our numerical simulation using PORE-FLOWVC

for predicting wicking in swelling, paper-like porous media.
The slight differences between the experimental and numeri-
cal results in Figures 8–11 are perhaps due to the use of sev-
eral assumptions and simplifications in our theoretical/nu-
merical model. We would restate the three sets of assump-
tions and simplifications used in this study:
(1) Replacement of the transient permeability with an av-

erage permeability in Eq. 14.
(2) Use of regression functions to find the equal intervals

for the wicking lengths in Eq. 20.
(3) Use of best-fitting curves while developing the local

permeability functions in Eq. 21.
Use of these three assumptions and simplifications is likely

to cause the above listed errors in the final wicking predic-
tions, but the numerical results show that such errors are not
significant. In future, attempts should be made to further
reduce the errors accruing from the above assumptions. Using
small time-steps in the wicking simulation improves the accu-

racy due to the first assumption. Using better fitting curves,
such as the spline functions, can improve the accuracy due to
the second assumption. The use of the experimental data file
and the spline interpolations (instead of the mathematical rela-
tions) may improve the accuracy due to the third assumption.

Another explanation can be proffered regarding the devia-
tions of the simulation from the experimental results. As we
used the published experimental data which did not report
the scatter in experimental observations, we did not have
any information about the error bars. We contacted the cor-
responding author of Ref. 7 to see if he had any information
on the scatter in his experimental data, but we did not get
any new information other than published graphs. In this
context, deviations between the simulation and the experi-
mental results can also be explained due to inaccuracies in
the experimental data.

As a final note on this topic of estimating prediction-errors,
we would like to add that our theoretical model proposed
through Eqs. 1–5 involves a fundamental assumption that the
particles of a porous medium are fixed in space while under-
going swelling during the wicking process. In the cited work
of Wiryana and Berg,7 the swelling experiments were con-
ducted with paper strips, where swelling would lead to an
increase in the thickness of the strips,*** and is likely to cause
small displacements of the fibers constituting the porous me-
dium. As a result, the use of the proposed flow model will
incur a slight in-built error, however, small it may be.

Summary and Conclusions

The authors have proposed a novel theoretical model to
predict the wicking in a swelling, liquid-absorbing porous
medium. In this article, the numerical implementation of the
model was validated against the previous published experi-
mental data by Wiryana and Berg7 on wicking in composite
paper made of a network of cellulose fibers and different
percentage of the superabsorbent CMC. Because of the swel-
ling of matrix in such a porous medium, the porosity and
permeability vary with time and space behind the moving
liquid-front. We developed a novel technique to estimate the
local permeability changes in swelling porous materials
using the experimental data on wicking rate. The local

Figure 8. Comparing our numerical prediction with the
reported experimental data for 0% CMC pa-
per and superabsorbent polymer composite.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 9. Comparing our numerical prediction with the
reported experimental data for 10% CMC pa-
per and superabsorbent polymer composite.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Comparing our numerical prediction with
the reported experimental data for 20%
CMC paper and superabsorbent polymer
composite.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

***No information on the changes in thickness of the paper strips used in their
experiments was provided by Wiryana and Berg.7
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permeability functions and the capillary suction-pressure
expression were used to predict the wicking rate as a func-
tion of time using the computer program PORE-FLOW

VC
.15

It is important to add here that this is the first time such a
simulation is used to model the liquid flow in a swelling po-
rous medium during the wicking process. The numerical pre-
dictions in general compared well with the reported experi-
mental data for 0, 10, 20, and 30% CMC in the superabsorb-
ent-paper composite. Some ways to further improve the
accuracy of numerical predictions through the use of
improved fitting functions are also suggested. In general, this
study demonstrated the efficacy of our numerical simulation
based on the FE/CV algorithm and using a sharp liquid-front
assumption in predicting the wicking rate in swelling porous
media.

Notation

Roman letters

A ¼ a constant coefficient (Eq. 21) sm2

B ¼ a constant coefficient (Eq. 21) s
b ¼ absorption coefficient, 1/s (Eq. 4)
C ¼ a constant coefficient (Eq. 21) m2

fn ¼ a general function (Eq. 9)
K ¼ permeability, m2

L ¼ length, m
n ¼ unit normal vector
P ¼ modified pressure (P ¼ pþ gh), Pa
p ¼ liquid pressure, Pa
R ¼ radius, m
S ¼ sink term in the modified continuity equation, 1/s
t ¼ time, s
~V ¼ velocity vector, m/s
x ¼ x-coordinate

Greek letters

h ¼ contact angle, degree
c ¼ surface tension of liquid, N/m
l ¼ viscosity of liquid, kg/m s
e ¼ porosity (dimensionless)

! ¼ gradient operator
k ¼ the initial rate of local permeability reduction due to swelling

Superscripts

’ ¼ dummy variable
f ¼ fluid or pore related

Subscripts

0 ¼ initial value
1 ¼ related to time interval t¼ 0 s to t¼ t1 s (Eq. 15)
2 ¼ related to time interval t¼ t1 s to t¼ t2 s (Eq. 17)
3 ¼ related to time interval t¼ t2 s to t¼ t3 s (Eq. 19)
1 ¼ final value

atm ¼ atmosphere
ave ¼ average
c ¼ capillary

glob ¼ global value
i ¼ element ‘‘i’’
lf ¼ liquid-front

loc ¼ local value
n ¼ related to time interval t¼ tn�1 s to t¼ tn s (Eq. 20)
t ¼ total

wet ¼ wetting

Other symbols

hi ¼ volume-averaged quantities (Eq. 1)
hif ¼ pore-averaged quantities (Eq. 1)
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Appendix

Permeability of a Hybrid System

A hybrid porous system is a porous medium consists of
different porous media. Let us consider a hybrid system of
two porous media with identical cross-sections, and which
are connected in series (see Figure A1). Here, the relevant
length and permeabilities of two porous media are L1, L2,
K1, and K2. If Lt and Kt are the total length and total perme-
ability of the system, then

L1 þ L2 ¼ Lt (A1)

Let us now find the relation between the permeability of
the system, Kt, and the permeabilities of its consisting parts,
K1 and K2. On the basis of Darcy’s law, we have following
expression for the hybrid system

Q ¼ Kt

l
DPt

Lt
(A2)

where Q is the Darcy velocity (flow rate per unit area) and
DPt is the steady-state pressure drop occurring in the hybrid
system. As the Darcy velocities within each porous media
and the hybrid system are the same, so

Q ¼ K1

l
DP1

L1
¼ K2

l
DP2

L2
(A3)

Note that, the total pressure drop is equal to the sum of
the individual pressure-drops in both the media

DP1 þ DP2 ¼ DPt (A4)

If the pressure-drop expressions from Eqs. A2 and A3 are
put into Eq. A4, we get

L1
K1

þ L2
K2

¼ Lt
Kt

(A5)

So, the overall hybrid permeability Kt is the harmonic
mean of the two constituent permeabilities, K1 and K2.

Manuscript received Dec. 22, 2010, revision received Jun. 9, 2011, and final
revision received Aug. 17, 2011.

Figure A1. A schematic of a simple hybrid system
consisting of two porous media arranged in
series.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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